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	 Abstract

		  In this present article, we develop a discrete-time methodology to compare 
front-end load and balance fees in the accumulation phase of a defined-
contribution pension fund under a system of individual accounts. Using this 
methodology, we study the effect of risk aversion and other relevant variables in 
the performance and suitability of the aforementioned types of fees. Finally, we 
carry out a practical application and show the results for the Peruvian Private 
Pension System, including indifference values between fees and certainty 
equivalent ratios. 
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		  Acronyms

		  AFP	 Pension fund management company (Administradora de fondos 
de pensiones)

		  APE	 Peruvian Association of Economics (Asociación Peruana de 
Economía)

		  BCRP	 Central Reserve Bank of Peru (Banco Central de Reserva del Perú)
		  CRRA	 Constant relative risk aversion
		  GBM	 Geometric Brownian movement
		  IA	 Individual account
		  SDE	 Stochastic differential equation
		  SBS	 Superintendence of Banking, Insurance, and AFPs (Superintendencia 

de Banca, Seguros y AFP)
		  SPP            Private Pension Pystem (Sistema Privado de Pensiones)
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1. INTRODUCTION

During the final quarter of the last century, many Latin American countries reformed their 
pension systems, switching from public pay-as-you-go (PAYG) systems to private systems 
based on individual accounts (IAs).1  According to Escrivá et al. (2010), these new systems 
constitute an attempt to adapt to the new risks and challenges faced by countries in the 
region, including factors such as: the vulnerability of public finances, changes in birth 
rates, greater life expectancy, problems of efficiency in public administration, and greater 
potential development of financial markets. However, a new series of reforms are now 
being proposed, whose fundamental objectives, discussed by Kritzer et al. (2011), are to 
increase coverage and competition in pension systems while reducing administrative costs.

Two important characteristics of IA pension systems are, on the one hand, the fact that 
affiliates assume the risk associated with fluctuation in the value of administrative assets; 
and on the other, the fact that the administrative fees (commissions) charged by pension 
fund management companies (administradoras de fondos de pensiones, AFPs) have a 
significant impact on the final balance of IAs.2  Furthermore, as stated in James et al. 
(2001), Whitehouse (2001), and Mitchell (1998), one of the main criticisms of IA systems 
is their high cost, since this does nothing to encourage participation, damages the image 
of the systems as a whole, reduces the value of future pensions, and increases the future 
costs to the government of a guaranteed minimum pension.

According to Kritzer et al. (2011), the most common type of administrative fees in IA 
pension systems are: proportional charges on flow (expressed as a percentage of income 
or contribution), fixed charges on flow, and charges on excess returns.3 This article analyzes 

1.  	 The most documented case is Chile. For the main aspects of this reform, see: Arrau et al. (1993); Diamond 
and Valdés-Prieto (1994); Edwards (1998); and Arenas de Mesa and Mesa-Lago (2006). In the case of 
Peru, a complete analysis of pension system reform and its current status is provided in Marthans and 
Stok (2013). Queisser (1998), Sinha (2000), Kay and Kritzer (2001), Mesa-Lago (2006), and Kritzer et al. 
(2011) are good references for the study of the reform, status, and perspective of Latin American pension 
systems.

2.  	 Devesa-Carpio et al. (2003) argue that the levy scheme adopted in IA systems is very important because 
the accumulation process is exponential and directed toward long time horizons. For example, Murthi et 
al. (2001) estimate that in the United Kingdom, 40% of the value of IAs is dissipated by administrative 
fees, while Whitehouse (2001) finds that an annual levy of 1% of assets represents nearly 20% of the 
final pension value.

3.  	 Analyses and comparison of administrative fees across different countries can be found in: James et al. 
(2001); Whitehouse (2001); Gómez-Hernández and Stewart (2008); Corvera et al. (2006); Tapia and Yermo 
(2008); Devesa-Carpio et al. (2003). Moreover, Sinha (2001), Masías and Sánchez (2007), and Martínez 
and Murcia (2008) perform a detailed analysis (notwithstanding the changes that have since been made) 
of administrative fees in Mexico, Peru, and Colombia, respectively.
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4.	 A full analysis on the suitability of some of the commissions with respect to the economy could be 
performed as part of the general equilibrium model.

only proportional charges on flow and income, which are the most common and important 
types of levy in Latin America. For Queisser (1998), charges on flow are more advantageous 
to AFPs during the initial phase of the system, and despite the fact that income-based 
commission is aligned to AFPs’ objectives in terms of increasing fund profitability, they tend 
to be more expensive in the long run given that IAs increase in value. Meanwhile, Shah 
(1997) argues that charges on flow give rise to distortions and undesirable tendencies, 
such as engendering high AFP set-up costs, discouraging competition in the system, and 
generating losses for older affiliates. 
 
In Peru, the 1992 reform of the Private Pension System (Sistema Privado de Pensiones, 
SPP) sought to lend the system the financial sustainability that it had previously lacked. 
Recently, and in the framework of SPP reform, an important point of debate has been the 
commissions charged by AFPs. Thus, regulation should assure the type of commission that 
generates the greatest terminal wealth for affiliates, which is an important consideration 
in the SPP.

The traditional way of comparing commission on balance with commission on flow is 
through a commission on equivalent risk-neutral balance, which is equal to the expected 
value of the funds (under both levy schemes) at the end of the period of accumulation. This 
approach is employed by Shah (1997), Diamond (2000), Blake and Board (2000), Whitehouse 
(2001), Devesa-Carpio et al. (2003), and Gómez-Hernández and Stewart (2008). Moloche 
(2012), through a model (or benchmark) that maximizes the terminal utility of an affiliate 
in a context of dynamic optimization, compares certain scenarios of commissions on flow 
and on balance, and in the empirical case of the SPP concludes that such maximization 
would not be apt for less risk-adverse affiliates given current levels of commission on flow.  
 
It is in this context that this study employs two methods for comparing these commissions 
and, in turn, analyzes their sensitivity to changes of certain important parameters, especially 
affiliate risk aversion. The methods of comparison, which have been considered only from 
the point of view of affiliates,4 are the ratio of expected values of terminal wealth and 
the difference in expected utilities of terminal wealth. In the theoretical section, a series 
of assumptions are made from which closed expressions can be derived to explain the 
behavior of the commissions under the above-mentioned methods of comparison. The 
most important assumptions are: the use of a geometric Brownian movement (GBM) 
for the quota value of the fund, and the fact that the preferences of the affiliate can be 
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expressed in terms of the mean and the variance in terminal wealth. Subsequently, in the 
practical application to the SPP, a sensitivity analysis of the commissions is conducted in 
relation to certain fundamental variables, but by relaxing certain assumptions such as that 
corresponding to the function of affiliate utility. In general terms, it can be concluded that 
the performance of commission on balance improves as affiliate risk aversion increases, 
while higher growth rates on the quota value render commission on flow preferable to 
commission on balance in risk-neutral scenarios.

This study is structured as follows: Section 2 proposes a modeling and comparison 
methodology for commission on flow and commission on balance; Section 3 provides a 
practical application of the methodology to the SPP. Finally, Section 4 concludes, provides 
a number of recommendations, and proposes some extensions to the methodology.

2. METHODOLOGY

Let i ∈ N and T ∈ N+ be considered, such that 0 ≤ i ≤ T - 1. The index i represents a 
particular month and T is the number of months remaining until the affiliate retires. It 
is assumed that the quota value, V, of a representative AFP pension fund in time t ∈ R+ 

(months) satisfies the following stochastic differential equation (SDE):

(1)

where m is the growth rate of the quota value by unit of time (months), s the volatility 
of its monthly logarithm, V0 the initial quota value, and the stochastic process B is a 
standard one-dimensional Brownian movement. The SDE in (1) is a common specification 
for modeling the quota value, since it is used extensively in stochastic control models 
for pension funds.5 

Commissions on balance and on flow are described in detail below, using a similar structure 
to that in: Shah (1997), Diamond (2000), Blake and Board (2000), Whitehouse (2001), 
Devesa-Carpio et al. (2003), and Gómez-Hernández and Stewart (2008).

5.	 A common assumption in the literature is the use of the GBM as a process for the quota value of the 
fund or for the prices of the assets that make up the fund. Some examples of the use of the GBM are: 
Blake et al. (2001), Devolder et al. (2003), Vigna (2014), Haberman and Vigna (2002), Battocchio and 
Menoncin (2004), Han and Hung (2012), and Cairns et al. (2006), among others. In the case of the SPP, 
Moloche (2012) uses different BGMs to model national and international equity assets.
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i

6.  	 A constant value of δ could imply that the system has reached maturity with respect to this type of 
levy.

7.  	 Also known as commission on balance, it can be levied as a percentage of an affiliate’s income or 
contribution.

2.1. Commission on balance
Let δ > 0 be the monthly commission on balance expressed in continuous time.6  Moreover, 
in month i the affiliate contributes a sum Wi > 0  into their individual account. If the quota 
value, V, is normalized to the unit in the period i, then the contribution Wi is equivalent to 
the same number of quotas. That is, for t ≥ i, and based on the SDE (1), the contribution 
made in i would follow the GBM below:

(2)

The affiliate seeks to determine the final value of their fund, Ws
 ( T ), which is the sum of 

the final values of all contributions made per the sequence WT  = {Wi | Wi > 0,0 ≤ i ≤ T - 1}.
Then,

(3)

where the processes Ws  in (2) are subject to the same source of uncertainty B given by 
(1). Moreover, the expectation E [Ws (T )

 ], of the final value of the fund is:

(4)

The variance in the affiliate’s final fund under commission on balance is given by:

(5)

See the demonstration in Annex A.

2.2. Commission on flow
Let α > 0 be the commission on flow.7 If the affiliate makes a contribution Wi in month i, 
the commission they would pay to the AFP (at the time of contributing) would be equal to  
Ci = Wi (1 - e- a). Considering that the commission Ci was invested in the fund, the affiliate’s 
contribution adjusted for the opportunity cost of Ci can be expressed as e- a Wi . Based on 
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i

8.  	 It is well-documented that expected inflation, unexpected inflation shocks, and changes to expected 
inflation are negatively correlated with returns on shares. See: Fama and Schwert (1977), and Geske 
and Roll (1983). However, Boudoukh and Richardson (1993) find evidence which suggests that nominal 
long-term returns on shares are positively correlated with long-term ex ante and ex post inflation.

this assumption, the adjusted contribution of commission on flow in month i, Wf , would 
evolve according to the following GBM:

(6)

For the affiliate, it is important to calculate the value of the final fund adjusted for the 
opportunity cost of commission on flow per the sequence of contributions WT  = {Wi | Wi 

> 0,0 ≤ i ≤ T  - 1}. If this final amount is denoted as Wf (T
 ), the following is obtained:

(7)

Using (4) and the variance of the final fund (5), it is shown that the expectation and the 
variance of Wf  

(T ) can be calculated through the following expressions:

(8)

(9)

It is important to stress that Wf  
(T ) does not represent the true final value of the affiliate’s 

fund, but one that is adjusted for the opportunity costs of the commission on flow. Moreover, 
the affiliate’s final fund would be equal to eaWf  

(T ).

2.3. Risk factors
Thus far, only one risk factor has been accounted for in the model: the returns of the 
fund’s quota value given by (1). Randomness in the sequence of contributions has not been 
accounted for, despite the fact that it is generally expressed as a percentage of income 
which in turn, is indexed to inflation. Furthermore, in a market with stochastic rates of 
return, a correlation is known to exist between inflation rates and the returns on assets.8  
Thus, introducing randomness in the yields but not in the contributions could lead to false 
conclusions, since both processes depend on inflation. One option is to work in terms of 
nominal yields and by imposing a stochastic process upon contributions, but with some 
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9.  	 For example, Moloche (2012) assumes that the savings made under commissions on flow compared 
with those under commissions on balance are deposited in a savings account with characteristics that 
are different and independent from the pension fund.

͠

͠

͠

͠ ͠

͠ ͠

correlation with the quota value; however, we have opted to do so using a deterministic 
sequence of contributions and, to include inflation, we express and calibrate the quota 
value and the contributions in real terms.

2.4. Comparison of commissions on balance and on flow
Consider that an affiliate seeks to study the suitability of the commission schemes, based 
on terminal wealths Ws  

(T ) and Wf  
(T ) given by (3) and (7), respectively. It is important 

to note that upon introducing the opportunity cost of commission on flow in Wf  
(T ), the 

aforementioned random variables are rendered comparable in a certain sense; however, 
Wf  

(T ) does not represent terminal wealth but rather terminal wealth adjusted for a 
given opportunity cost. On the basis of this variable, the following random variables are 
accounted for:

(10)

(11)

Note that Ws
 (T ) in (10) is the sum of the terminal value of the fund under commission 

on balance, Ws
 (T ) and the terminal values of the commissions saved compared with 

commission on flow, (1 - e -a ) Ws  (T
 ), which have been reinvested in the affiliate’s IA 

under the mechanism of voluntary contributions. Under this scheme, Ws
 (T ) represents 

the affiliate’s terminal wealth under commission on balance, assuming that the savings 
enabled by commissions on non-disbursed flow are reinvested under the same conditions 
as regular contributions on balance.9  In turn, Wf  

(T )  represents the affiliate’s true terminal 
wealth under commission in flow. Therefore, based on definitions (10) and (11), terminal 
wealths under both forms of commission are compared.

The rest of the section will extend the comparison of Ws  (T
 ) and Wf  

(T ) based on two 
criteria: the ratio of expected values and the difference in expected income.

2.4.1. Ratio of expected values of terminal wealth
If the comparison is made using the expectations of terminal wealth Ws  (T

 ) and Wf  
(T ), 

then the following is defined:

(12)
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͠

͠

͠ ͠

10.  	Note that d *  (T  = 1, a) = v and ∂ad * (T, a) > 0) for any scenario N; and since the ratio of expected 
values of terminal wealth, REsf , is decreasing at higher rates of growth in the quota value, m , then 
∂m d *  (T, m) < 0 is obtained for T > 1.

N

NN

*

*

** *

*

If REsf  > 1, then commission on balance would be preferable; if REsf  < 1, then commission on 
flow would be preferable. Therefore, when REsf  = 1, the affiliate would be indifferent to both 
options. Note that these comparison criteria assume an affiliate who is indifferent to risk.

It is shown that the ratio of expected values of terminal wealth, REsf  , is decreasing at 
higher rates of growth in the quota value (see Annex B). That is,  REsf   is a strictly decreasing 
function in µ and this relationship  is independent of the contribution sequence WT . The 
above implies that commission on flow improves compared with commission on balance 
when the rate of growth in the quota value increases. Below we define the equivalent 
commission on balance for a risk-neutral affiliate.

For a given set of parameters N = {T, a, m, s2, W
T
} and REsf , the equivalent risk-neutral 

commission on balance, dN
  (N), is defined as the value of the commission on balance, δ, 

such that REsf  = 1. Moreover, if the explicit dependence of dN
  (N) with respect to T, α, or 

both is to be denoted, it is possible to use dN
  (T ), dN (α

 ) and dN
  (T, a), respectively. Moreover,   

dN will be used when referring to equivalent commission in general.10 

2.4.2. Expected utility of terminal wealth
Consider a risk-adverse affiliate and let U (W ) be their earnings when a realization of 
terminal wealth  is equal to W > 0. To determine the most appropriate type of commission, 
the affiliate needs to compare the expected utilities of terminal wealth E [U (Ws (T ) ) ] and  
E [U (Wf (T

 ) ) ]. However, explicit analytical expressions for these expected utilities are not 
generally available.

Because there are explicit formulas for the first and second moment of terminal wealths 
Ws (T ) and Wf  (T ) and the objective is to find generalizable properties and/or closed formulas, 
then it is appropriate to consider a quadratic utility function given by:

UMV (W ) = aW - bW 2, 	 (13)

where a > 0 and b > 0 is the coefficient of risk aversion. Note that when b = 0, the affiliate 
would be risk neutral. Moreover, a = 1 + 2b E [W ] is fixed in a similar manner to Zhou 
and Li (2000). If the utility of terminal wealth, U, is like in (13), the following is obtained:
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͠ ͠
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T

A
͠

͠

(14)

	 	 (15)

and the expressions of E [Ws (T
 )2] and E [Wf (T

 )2]  can be explicitly obtained.

For a fixed set of parameters and the quadratic utility in (13), ϒ is defined as the difference 
between E [UMV(Ws (T

 ) ) ] and E [UMV (Wf  (T
 ) ) ] given by (14) and (15), respectively. Therefore, 

considering ϒ as a function of risk aversion, b, and the level of commission on balance,  
δ, the following is obtained:

(16)

The function ϒ (b, d ) must be reduced as the commission on balance is increased, δ, since 
the commission on flow must be rendered preferable. Therefore, assumptions that assure 
this result are required, namely: T > 1, b > 0, and s 2 ≤ 1 ln(2) (see the formal demonstration 
in Annex C). Then, similarly to the definition of the equivalent risk-neutral commission on 
balance, the equivalent risk-adverse commission on balance is introduced as the value of  
δ, which makes the expected utilities of terminal wealth equal under both schemes. This 
measure will help in understanding the impact of risk aversion through a comparison of 
both types of commission.

Consider a set of parameters given by A = N U {b}, in which equivalent risk-adverse 
commission on balance, d * (A), is defined as the value of δ which makes E [UMV(Ws (T

 ) ) ] 
equal to E [UMV(Wf (T

 ) ) ]. It is shown that commission on balance is rendered more desirable 
compared with commission on flow when the affiliate’s risk aversion is higher (see Annex 
D). In other words, the foregoing implies that if the expected values of terminal wealth 
are identical, a risk-adverse affiliate would prefer commission on balance, and this is 
rendered more attractive with higher levels of risk aversion. Moreover, the commission on 
balance that would make both schemes indifferent (in terms of expected utility) under a 
given scenario is greater than the commission on balance that is equal to the expected 
terminal wealth under the same scenario. On this basis, under the assumptions made, the 
commission on balance improves its performance compared with the commission on flow 
when risk aversion increases. Finally, it is difficult to generalize the theoretical results 
in this section to other utility functions that differ from UMV ; however, in the numerical 
experiments, a function of constant relative risk aversion (CRRA) is employed and some of 
the theoretical results obtained in this section are empirically verified.
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3. 	APPLICATION OF THE METHODOLOGY TO PERU’S PRIVATE PENSION 
SYSTEM

This section applies the proposed methodology to the SPP. This application is relevant given 
that the SPP is undergoing an important reform process 20 years after its creation.11  Part 
of the reform entails replacing the commission on flow with commission on balance, as 
a result of which this study analyzes the effect of certain variables in the comparison of 
these commissions.

3.1. Parameters of the model
The numerical applications take into account a retirement age of 65, the current structure 
of commissions on flow used by the SPP, the real growth rate of income, and a scenario 
for the quota value, V, of the fund, which corresponds to the medium-risk fund (Type 2) 
in the SPP.

3.1.1. Calibration of the quota value GBM 
To implement the methodology, it is necessary to calculate the growth parameters of 
the quota value, µ, and the volatility parameters of the quota value returns, σ, of the 
stochastic process corresponding to the quota value of the fund described by the SDE 
(1). It is important to mention that an SPP affiliate can change fund provided that they 
remain in a low-risk SPP fund (Type 1) after reaching the age of 65. Moreover, it is possible 
to incorporate changes of fund by the affiliate into the methodology in a framework of 
dynamic optimization; but in this article it is assumed that the affiliate remains in a single 
type of fund throughout the entire accumulation phase.

Historic logarithmic yields corrected for inflation are employed to estimate the volatility of 
the respective GBM.12 For the scenario of moderate profitability (Type 2 fund), the monthly 
volatility of the quota value returns under a GBM is sM = 2.643%. Given the short history 
of SPP fund returns, it is to be expected that the calibrated growth rate (µ) will have a high 
estimation error. Therefore, and following the justifications of the “Anexo Técnico Nº 1” of 
the Superintendencia de Banca, Seguros y AFP (SBS 2013), a real annual return equal to 5.0% 
is assumed for the moderate scenario (the real historical return of the Type 2 fund has been 

11.  	Law Nº 29903 provides for the primary aspects of the reform, one of which is that affiliates are to migrate 
to a mixed commission scheme, which includes a transitional front-loaded 10-year flow component, 
while from the eleventh year, the commission will be solely on balance. The reform also includes the 
tender mechanism for new IAs, and regulations for the incorporation of independent workers.

12.  	The series of historical quota value returns employed correspond to the AFP Integra, because it cons-
titutes a suitable benchmark for the SPP; moreover, it is the only AFP that has been in existence (and 
which has not been merged) since the start of the available historical observations. In the case of the 
Type 2 fund, quota value observations from February 2, 2001 to April 30, 2014 are considered.
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approximately 6.0% per annum). By way of GBM theory, it is verified that mM = rM  + 0.5s 2, 
where rM is the expected monthly return in continuous time, and the subindex M refers to 
the Type 2 fund. After the appropriate transformations, mM = 0.004415 is obtained.

3.1.2. Commission on flow
Three levels of commission on flow have been set (expressed as percentages of the affiliate’s 
income): fmin = 1.47%, fmax = 1.69% and  fpro = 1.58%; which correspond to the minimum, 
maximum, and average charges on flow, respectively, under the SPP as at May 16, 2014. 
Because dependent workers in Peru are subject to an obligatory contribution of 10% of 
their income and f i  is applied to this, a = - ln (1 - 10f ) is obtained, with which amin = 
0.1590, amax = 0.185 y apro = 0.172.

3.1.3. Real growth in income
The monthly succession  of the affiliate’s real contributions (WT ) is assumed, such that 
Wi +1 = (1 + Ti )Wi  for i ≥ 0 and arbitrary W0 > 0. The monthly factors T are calculated 
through the sum of the corresponding growth throughout the income curve plus an earnings 
component due to increased productivity.  Moreover, T depends on different classifications 
of affiliates according to gender (F: female, M: male), education level (NU: non-university 
educated; U: university educated), and age. The details of the calibration of the factors are 
set out in SBS (2013), but it is important to mention that in the case of young affiliates, 
the average growth factors fluctuate between 2.5% and 3.5% per annum.

3.2. Numerical results
The parameters of the model employed in Section 3.1 are used first to determine the 
equivalent risk-neutral commission, dN . Then, a CRRA utility function of terminal wealth 
is used to evaluate the certainty equivalents generated by both types of commission and 
the effect that affiliate risk aversion has on them.

3.2.1. Equivalent risk-neutral commission on balance (dN )
Table 1 shows the values of this commission, dN , annualized and expressed as percentages, for 
certain ages, five profiles,13 a moderate scenario (assuming a real fund return of 5.0%), and 
three different values of commission on flow (amin = 0.1590, apro = 0.172, and amax = 0.185). 
It should be noted that dN is independent of the initial contribution W0 > 0. Table 1 shows 
that dN is strictly increasing with age (or strictly decreasing in T ) for a contribution profile 
and a fixed level of commission on flow - that is, the greater the age at the time of entry to 
the system, the more attractive the commission on flow will be.

M

*

*

*

*

13.	 The contribution profiles accounted for are: F, NU; F, U; M, NU; M, U; and E. The first four are described 
in Section 3.1.3, while E corresponds to a sequence of real contributions equal to W0 > 0 .
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Table 1
Equivalent risk-neutral commission on balance (dN

 ) by age and profile (in percentages 
and annualized)

*

21	 0.52	 0.52	 0.52	 0.53	 0.46	 0.55	 0.56	 0.55	 0.57	 0.50	 0.59	 0.60	 0.59	 0.61	 0.53

22	 0.53	 0.54	 0.53	 0.54	 0.48	 0.57	 0.58	 0.57	 0.58	 0.51	 0.60	 0.61	 0,61	 0.62	 0.54

23	 0.54	 0.55	 0.55	 0.56	 0.49	 0.58	 0.59	 0.59	 0.60	 0.53	 0.62	 0.63	 0.62	 0.64	 0.56

24	 0.56	 0.57	 0.56	 0.57	 0.51	 0.60	 0.61	 0.60	 0.61	 0.54	 0.64	 0.65	 0.64	 0.65	 0.58

25	 0.58	 0.58	 0.58	 0.59	 0.52	 0.62	 0.63	 0.62	 0.63	 0.56	 0.66	 0.67	 0.66	 0.67	 0.60

26	 0.59	 0.60	 0.60	 0.60	 0.54	 0.63	 0.64	 0.64	 0.65	 0.58	 0.68	 0.69	 0.68	 0.69	 0.61

27	 0.61	 0.62	 0.62	 0.62	 0.56	 0.65	 0.66	 0.66	 0.67	 0.59	 0.70	 0.71	 0.70	 0.71	 0.63

28	 0.63	 0.64	 0.64	 0.64	 0.57	 0.68	 0.68	 0.68	 0.69	 0.61	 0.72	 0.73	 0.73	 0.73	 0.65

29	 0.65	 0.66	 0.66	 0.66	 0.59	 0.70	 0.71	 0.70	 0.71	 0.64	 0.74	 0.75	 0.75	 0.75	 0.68

30	 0.67	 0.68	 0.68	 0.68	 0.61	 0.72	 0.73	 0.73	 0.73	 0.66	 0.77	 0.78	 0.78	 0.78	 0.70

31	 0.70	 0.70	 0.70	 0.70	 0.64	 0.75	 0.75	 0.75	 0.75	 0.68	 0.80	 0.80	 0.80	 0.80	 0.73

32	 0.72	 0.73	 0.73	 0.72	 0.66	 0.77	 0.78	 0.78	 0.78	 0.71	 0.82	 0.83	 0.83	 0.83	 0.75

33	 0.75	 0.76	 0.76	 0.75	 0.68	 0.80	 0.81	 0.81	 0.80	 0.73	 0.85	 0.86	 0.86	 0.86	 0.78

34	 0.78	 0.78	 0.79	 0.78	 0.71	 0.83	 0.84	 0.84	 0.83	 0.76	 0.89	 0.89	 0.90	 0.89	 0.81

35	 0.81	 0.81	 0.82	 0.80	 0.74	 0.86	 0.87	 0.88	 0.86	 0.79	 0.92	 0.93	 0.93	 0.92	 0.84

36	 0.84	 0.85	 0.85	 0.84	 0.77	 0.90	 0.91	 0.91	 0.89	 0.82	 0.96	 0.96	 0.97	 0.95	 0.88

37	 0.87	 0.88	 0.89	 0.87	 0.80	 0.94	 0.94	 0.95	 0.93	 0.86	 1.00	 1.00	 1.01	 0.99	 0.92

38	 0.91	 0.92	 0.93	 0.90	 0.84	 0.98	 0.98	 0.99	 0.97	 0.90	 1.04	 1.05	 1,06	 1.03	 0.96

39	 0.95	 0.96	 0.97	 0.94	 0,88	 1.02	 1.02	 1.04	 1.01	 0.94	 1.09	 1.09	 1.10	 1.07	 1.00

40	 1.00	 1.00	 1.01	 0.98	 0.92	 1.07	 1.07	 1.08	 1.05	 0.98	 1.14	 1.14	 1.16	 1.12	 1.05

41	 1.04	 1.04	 1.06	 1.03	 0.96	 1.12	 1.12	 1.14	 1.10	 1.03	 1.19	 1.19	 1.21	 1.17	 1.10

42	 1.09	 1.09	 1.11	 1.08	 1.01	 1.17	 1.17	 1.19	 1.15	 1.08	 1.25	 1.25	 1.27	 1.23	 1.16

43	 1.15	 1.15	 1.17	 1.13	 1.07	 1.23	 1.23	 1.25	 1.21	 1.14	 1.31	 1.31	 1.34	 1.29	 1.22

44	 1.21	 1.21	 1.23	 1.19	 1.12	 1.30	 1.29	 1.32	 1.27	 1.20	 1.38	 1.38	 1.41	 1.36	 1.28

45	 1.28	 1.27	 1.30	 1.25	 1.19	 1.37	 1.36	 1.39	 1.34	 1.27	 1.46	 1.45	 1.49	 1.43	 1.36

46	 1.35	 1.34	 1.38	 1.32	 1.26	 1.45	 1.44	 1.48	 1.42	 1.35	 1.55	 1.53	 1.57	 1.51	 1.44

47	 1.44	 1.42	 1.46	 1.40	 1.34	 1.54	 1.53	 1.56	 1.50	 1.44	 1.64	 1.63	 1.67	 1.60	 1.53

48	 1.53	 1.51	 1.55	 1.49	 1.43	 1.64	 1.62	 1.67	 1.60	 1.53	 1.75	 1.73	 1.78	 1.70	 1.64

49	 1.63	 1.61	 1.66	 1.59	 1.53	 1.75	 1.73	 1.78	 1.70	 1.64	 1.87	 1.84	 1.90	 1.82	 1.75

50	 1.75	 1.73	 1.78	 1.70	 1.65	 1.88	 1.85	 1.91	 1.82	 1.77	 2.00	 1.98	 2.03	 1.94	 1.88

51	 1.89	 1.86	 1.92	 1,83	 1.78	 2.02	 1.99	 2.05	 1.96	 1.91	 2.16	 2.13	 2.19	 2.09	 2.04

52	 2.04	 2.01	 2.07	 1.98	 1.93	 2.19	 2.16	 2.22	 2.12	 2.07	 2.33	 2.30	 2.37	 2.26	 2.21

53	 2.22	 2.19	 2.26	 2.16	 2.11	 2.38	 2.35	 2.42	 2.31	 2.26	 2.54	 2.51	 2.58	 2.57	 2.41

54	 2.44	 2.40	 2.47	 2.37	 2.32	 2.61	 2.58	 2.65	 2.53	 2.49	 2.79	 2,75	 2.83	 2.70	 2.66

55	 2.69	 2.66	 2.73	 2.62	 2.58	 2.89	 2.85	 2.93	 2.80	 2.76	 3.08	 3.04	 3.12	 2.99	 2.95

F, NU	 F, U	 M, NU	 M, U	 E

Age	 amin = 0.1590 apro = 0.172 amax = 0.185

F, NU	 F, U	 M, NU	 M, U	 E F, NU	 F, U	 M, NU	 M, U	 E

Notes
-	 F: female
-	 M: male
-	 NU: non-university educated
-	 U: university educated
-	 E: case of equal contributions 
-	 Risk-neutral commission on balance, d*  , in percentages for different ages and combinations of gender and university 

education under the moderate scenario (mM 0.0044 and sM = 2.643% per month). 
-	 The case of equal contributions has also been included in the table (E). 
-	 A retirement age of 65 has been factored in, amin = 0.590, apro = 0,172 and amax = 0.185 (these three values correspond 

to commissions on flow of 1.49%, 1.58% and 1.69% on income, respectively, under a contribution rate of 10%).

N



 Apuntes 78, First Semester 2016 / Chávez-Bedoya and Ramírez Rondán   74

*

*Considering a 30-year-old affiliate pertaining to the M, NU profile, dN = 0.68% per annum 
is obtained for amin = 0.1590, dN = 0.73% for apro = 0.172 and dN = 0.78% for amax = 0.185. 
For example, this implies that if a commission on flow equal to amin is used, then a charge 
on flow of less than 0.68% would render commission on flow preferable for all affiliates 
over the age of 30 and pertaining to the M, NU profile who enter the system. Note that dN > 
0.52% for all scenarios in Table 1 (without accounting for profile E). This value corresponds 
to a 21-year-old affiliate with a F, NU profile and a commission on flow equal to amin. 
That is, a level of commission on flow of less than or equal to 0.52% would render this 
commission preferable (for a risk-neutral affiliate) under all contribution profiles (without 
E) and scenarios included in the study. The equal contributions profile (E) benefits the 
commission on flow, since the values of dN generated are lower than those corresponding 
to other profiles. This is based on the fact that the rise in income can be considered as an 
increase in the growth rate µ. Finally, and by way of example, Graph 1 shows equivalent 
risk-neutral commission on balance, dN, as a function of age and contribution profile, but 
only for average commission on flow, aprom.

Graph 1
Risk-neutral commission on balance dN by age (in percentages)

* *

*

*

*

*

Notes 
-	 Risk-neutral commission on balance, dN, in percentages and annualized for different combinations of age and 

gender/university education under the moderate scenario (mM 0.0044 and sM = 2.643% per month). 
-	 The case of equal contributions (E) has been included. 
-	 a = 0.172 has been assumed (corresponding to a charge on flow equal to 1.58% of income under a constant 

contribution rate of 10% of income) and a retirement age of 65.
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3.2.2. Comparison of certainty equivalents (DCEsf )
This section will empirically study the following ratio:

(17)

where CE [Ws(T
 ) ] and CE [Wf (T

 ) ] are the certainty equivalents of Ws (T
  ) and Wf  (T

 ), assuming 
an arbitrary utility function U of terminal wealth - that is, it satisfies both E [U (Ws (T

 ) ) ] = 
U  (CE[Ws (T

 ) ] ) and E [U (Wf  (T
 ) ) ] = U (CE[Wf  (T

 ) ] ). The value of DCEsf under the quadratic 
utility function given by (13) has an explicit analytical expression because the expressions 
for the means and variances of Ws(T

 ) and Wf (T
 ) are available and can be used in (17). But, 

in this case, DCEsf will depend on W0 even if it is assumed that WT , as in Section 3.1.3. In 
consequence, this fact complicates the study of the behavior of DCEsf because of changes 
in the coefficient of risk aversion, b, of the quadratic utility function given by (13).

An option for eliminating the dependence of W0 is to employ a utility function, such that    
DCEsf will be independent of W0 when WT is assumed, as in Section 3.1.3. If a CRRA utility 
function is considered such that:

(18)

where W > 0  is the terminal wealth and ϒ > 0 is the risk aversion coefficient, then DCEsf  
will not depend on W0 . This fact will be important in separating the effect of risk aversion 
on DCEsf from that caused by the initial contribution W0 . It is important to mention that 
closed expressions for CE [Ws (T

 ) ] and CE [Wf  (T
 ) ] are not available for the utility (18), with 

which simulation would have to be used to obtain an estimator of DCEsf  in (17). Moreover, 
in the literature on pension fund management, the use of a CRRA utility is more common 
and appropriate, as in (18), than the quadratic given by (13).

Table 2 presents the estimated values of DCEsf  for different ages, the F, NU contribution 
profile (since the results for other profiles in Section 3.1.3 are very similar, they are 
not reported), and under the moderate profitability scenario described in Section 
3.1.1. Following Poterba et al. (2005), three different values of affiliate risk aversion 
are accounted for: ϒ = 1 for a low degree; and in this case U (W ) = ln(W ), ϒ = 4 for a 
moderate degree; and ϒ = 8 for a high degree. The level of commission on balance, δ, 
is set at three levels: 0,5%, 1,0% and 1,5% per annum, while the level of commission 
on flow is set at apro = 0.172 (current average value of the SPP). The number of sample 

͠ ͠ ͠ ͠

͠

͠͠͠

͠ ͠

͠ ͠
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20	 1.38	 2.40	 3.63	 - 10.89	 - 9.07	 - 6.82	 - 21.32	 - 18.94	 - 16.01

21	 1.71	 2.70	 3.92	 - 10.31	 - 8.56	 - 6.47	 - 20.59	 - 18.30	 - 15.40

22	 2.04	 2.99	 4.15	 - 9.74	 - 8.06	 - 6.05	 - 19.85	 - 17.61	 - 14.80

23	 2.38	 3.29	 4.39	 - 9.16	 - 7.53	 - 5.59	 - 19.08	 - 16.92	 - 14.31

24	 2.71	 3.59	 4.63	 - 8.56	 - 7.00	 - 5.14	 - 18.31	 - 16.24	 - 13.61

25	 3.05	 3.90	 4.89	 - 7.98	 - 6.47	 - 4.64	 - 17.54	 - 15.54	 - 13.11

26	 3.39	 4.20	 5.14	 - 7.38	 - 5.94	 - 4.21	 - 16.76	 - 14.83	 - 12.58

27	 3.74	 4.50	 5.41	 - 6.78	 - 5.41	 - 3.75	 - 15.97	 - 14.13	 - 11.92

28	 4.08	 4.80	 5.68	 - 6.17	 - 4.87	 - 3.24	 - 15.16	 - 13.41	 - 11.25

29	 4.42	 5.11	 5.97	 - 5.56	 - 4.32	 - 2.86	 - 14.36	 - 12.67	 - 10.63

30	 4.76	 5.42	 6.23	 - 4.96	 - 3.78	 - 2.32	 - 13.55	 - 11.94	 - 9.99

31	 5.11	 5.73	 6.47	 - 4.35	 - 3.22	 - 1.85	 - 12.73	 - 11.19	 - 9.34

32	 5.45	 6.04	 6.74	 - 3.74	 - 2.67	 - 1.38	 - 11.92	 - 10.45	 - 8.69

33	 5.79	 6.34	 7.03	 - 3.14	 - 2.12	 - 0.87	 - 11.09	 - 9.71	 - 8.00

34	 6.13	 6.65	 7.28	 - 2.53	 - 1.56	 - 0.40	 - 10.27	 - 8.97	 - 7.33

35	 6.46	 6.96	 7.56	 - 1.92	 - 1.01	 0.10	 - 9.45	 - 8.20	 - 6.70

36	 6.80	 7.26	 7.82	 - 1.31	 - 0.46	 0.57	 - 8.62	 - 7.45	 - 6.01

37	 7.13	 7.57	 8.09	 - 0.70	 0.10	 1.08	 - 7.79	 - 6.69	 - 5.33

38	 7.47	 7.87	 8.37	 - 0.09	 0.66	 1.57	 - 6.96	 - 5.92	 - 4.63

39	 7.80	 8.18	 8.64	 0.51	 1.21	 2.09	 - 6.13	 - 5.16	 - 3.94

40	 8.13	 8.48	 8.92	 1.12	 1.77	 2.56	 - 5.29	 - 4.39	 - 3.25

41	 8.46	 8.78	 9.17	 1.72	 2.32	 3.08	 - 4.47	 - 3.62	 - 2.57

42	 8.78	 9.08	 9.45	 2.32	 2.88	 3.58	 - 3.63	 - 2.85	 - 1.88

43	 9.10	 9.38	 9.72	 2.92	 3.44	 4.07	 - 2.80	 - 2.07	 - 1.16

44	 9.42	 9.68	 9.99	 3.52	 3.99	 4.59	 - 1.97	 - 1.30	 - 0.46

45	 9.74	 9.97	 10.26	 4.11	 4.54	 5.09	 - 1.14	 - 0.52	 0.25

46	 10.06	 10.27	 10.53	 4.70	 5.09	 5.58	 - 0.31	 0.25	 0.95

47	 10.37	 10.56	 10.79	 5.29	 5.65	 6.09	 0.52	 1.03	 1.66

48	 10.69	 10.85	 11.06	 5.88	 6.20	 6.60	 1.36	 1.81	 2.38

49	 11.00	 11.15	 11.34	 6.47	 6.75	 7.11	 2.20	 2.60	 3.11

50	 11.31	 11.44	 11.60	 7.06	 7.31	 7.63	 3.03	 3.39	 3.84

Age
g = 1 g = 4 g = 8

d = 0.50% d = 1.00% d = 1.50%

g = 1 g = 4 g = 8 g = 1 g = 4 g = 8

~ ~

paths of wealth used to estimate DCEsf is determined using the sequential procedure of 
Kelton and Law (2000) with a relative error of 0.0001 and a confidence level of 99%. 
Moreover, Graph 2 outlines all of the information contained in Table 2.

Table 2
Estimated certainty equivalent values, DCEsf by age (in percentages)

Notes

-	 Estimated values of DCEsf = CE [Ws
 (T  ) ] / CE [Wf (T ) ] - 1 in percentages for different ages, risk aversion coefficient values 

(g = 1, 4, 8), F, SU contribution profile as per Section 3.1.3 and the moderate scenario (mM = 0.0044 and sM = 2.643%    

per month). 

-	 d = 0.5%, 1.0%, 1.5% per annum a = 0,172 has been assumed (corresponding to a charge on flow equal to 1.58% of 

income under a constant contribution rate of 10% of income) and a retirement age of 65.
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Graph 2
Percentage difference in CE (moderate scenario; in percentages)

Notes 
-	 Estimated values of DCEsf = CE [Ws

 (T ) ] / CE [Wf  (T ) ] - 1 in percentages, for different ages, risk aversion coeffi-
cient values (g = 1, 4, 8), and under the moderate scenario (mM = 0.0044 and sM = 2.643% per month) with F, NU 
contribution profile as per Section 3.1.3. 

-	 d = 0,5%, 1,0%, 1,5% per annum a = 0.172 has been assumed (corresponding to a charge on flow equal to 1.58% 
of income under a constant contribution rate of 10% of income) and a retirement age of 65.

~ ~

From the information provided, it can be observed that DCEsf is an increasing function in 
the degree of risk aversion, ϒ, for a fixed age and level of commission, which empirically 
corroborates the fact that with greater risk aversion, commission on balance is improved  
compared with commission on flow. However, DCEsf > 0 is not obtained for all ages, since δ 
is fixed at certain fixed values instead of working with risk-neutral commission on balance, 
δN

 , corresponding to each age. Moreover, when δ decreases, commission on balance is 
rendered more attractive, since the DCEsf curves for a fixed ϒ go up. It is also observed that 
the DCEsf slope tends to be positive, remaining constant with age and decreasing slightly 
as the affiliate’s degree of risk aversion increases. It is important to note that δ = 0.5%  
guarantees that DCEsf  > 0 for all ages and levels of risk aversion accounted for. Moreover, 
when δ = 1%, the indifference age between commissions fluctuates between 35 (ϒ = 8) 
and 38 (ϒ = 1). When δ = 0.5%, the indifference age is around 45 (ϒ = 8) and 47 (ϒ = 1). 
It should be recalled that affiliates who are below the difference age will prefer commission 
on flow. If δ = 1% and the commission on flow is 1.58% of income (SPP average as at May 
2014), a 20-year-old affiliate would experience a percentage loss in certainty equivalent 

*
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in the range of 7% (ϒ = 8) to 11% (ϒ = 1); while if the commission is δ = 1.5%, the loss 
would be in the range of 16% (ϒ = 8) to 21% (ϒ = 1).

4. CONCLUSIONS

This study develops a discrete-time method that enables comparison of commissions on flow 
with commissions on balance in IA pension systems. The comparison methods employed 
are the ratio of expected values of terminal wealth and the difference in expected utilities 
of terminal wealth. In many cases, very general results are obtained with respect to the 
relative performance of the commission schemes and these are achieved without the need 
to assume a particular pattern in the sequence of contributions. Moreover, formulas and/or 
expressions are provided in order to determine the most appropriate type of commission 
for each affiliate. A quadratic utility function is employed to demonstrate theoretically 
that, in general, increases in risk aversion improve the performance of the commission on 
balance compared with commission on flow, a result which is in keeping with the empirical 
conclusion of Moloche (2012).

On the basis of the theoretical analysis carried out and its practical application to the 
SPP, it can be stated that commission on balance equal to 0.5% per annum would render 
commission on balance preferable to commission on flow across almost all scenarios 
included in the study, based on commission on flow equal to 15.80% of contributions 
(SPP average as at May 2014). At this level of commission on flow and when commission 
on balance is equal to 1% per annum, affiliates below the age of 37 (approximately) will 
prefer the charge on flow; but when commission is 1.5% per annum, the indifference age 
increases to 45 (approximately). Moreover, an affiliate who enters the system at 20 years 
of age under a commission on balance scheme equal to 1% per annum could lose between 
7% and 11% in terminal wealth certainty equivalent, in comparison with commission 
on flow. If the rate of commission were 1.5% per annum, the percentage loss would be 
between 16% and 21%. It is important to state that the lower and upper values in the 
ranges correspond to a high and low level of risk aversion, respectively.

It is possible to make many refinements to the methodology and the comparison methods. 
For example, variable commissions on balance according to the evolution of equivalent 
commissions from the perspective of the AFP, and commission on results that are strictly 
dependent on the stock exchange, more sophisticated stochastic processes for the quota 
value, and the relevant economic variables could be considered.  Moreover, it would be 
interesting to contrast the schemes by using optimal policies that allow changes in the 
level of fund risk and returns according to the age of the affiliate and the size of the 
fund, in a context of discrete-time stochastic optimization. In these terms, the study by 
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Moloche (2012) could be built upon for different ages and reinvestment rates of saved 
commissions on flow. In addition, it is possible to work under the assumption of market 
completion and provide expressions to determine indifference values between fees by 
using valuation in the absence of arbitrage opportunities. But such extensions are beyond 
the scope of this study.
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i

ANNEXES

Annex A

Demonstration of the terminal wealth variable
For the calculation of Var (Ws (T  ) ), it is necessary to calculate the variance of Ws  (T ) and the 
covariance between Ws (T ) and Ws  (T ). Because Ws (T ) has a log-normal distribution, then:

(19)

Therefore, it is to be verified that for j  > i  and Wj  > 0:

(20)

where the GBM Ws  is defined in (2).

From the properties of Ws
 , the following is obtained:

(21)

		  (22)

		  (23)

		  (24)

		  (25)

		  (26)

i  

i  i  j  

i

To obtain (23), the fact that B (T ) - B ( j ) is independent of B ( j ) - B (i ) is utilized.

Formulas (19) and (20) generate the following expression for the covariance of the final 
values of the contributions i and j for all 0 ≤ i ≤ T - 1 and 0 ≤  j  ≤ T - 1:

(27)
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By using (27), the variance of Ws (T ) can be calculated through:

(28)

ANNEX B

Demonstration that the derivative of REsf (m) with respect to m is negative

Let v = ln(2 - e -a). For the case of contributions according to sequence WT 
 and when 

T > 1, it can be expressed that REsf in (12) as follows:

(29)

The following is obtained, based on the expression given in (29):

(30)

The partial derivative of REsf  (µ) with respect to µ is:

(31)

(32)
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Because δ > 0 and Wi  for all i, it is clear that                                                                     for T > 1. 

On the basis of which, to demonstrate that             < 0, it would only remain to be verified 

that:

(33)

Proceeding by induction, for T = 2 in (33) the following is obtained:

(34)

Assuming that (33) is fulfilled, it must be demonstrated that:

(35)

The inequality (35) is equivalent to:

(36)

Because it is assumed that (33) and WT > 0, the inequality (36) implies:

(37)

which in turn is equivalent to:

(38)

To conclude, it is observed that the inequality (38) is fulfilled, since T - i  ≥ 1, Wi > 0 and δ > 0.
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Annex C

Monotonicity of ϒ (b, δ ) with respect to δ

From the definition of ϒ given by (16), the following is obtained:

(39)

Since ∂d E [Ws (T ) ] < 0 for scenario A and it is assumed that b > 0 , only the conditions 
for ∂d(2 E [Ws (T ) ]2  - E [Ws (T )2 ] ) ≤ 0 must be established. Using the expressions for 
E [Ws (T ) ]2 and E [Ws (T )2 ], it is verified that:

(40)

(41)

͠

͠

͠

͠ ͠

From the results before and after some simplifications, the following is obtained:

(42)

Finally, (42) will be less than or equal to zero if 2 - e 
s2 (T - i ) ≥ 0 for all i, which is fulfilled 

when 2 - e 
s2T ≥ 0.
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Annex D

For the case of high risk aversion, commission on balance is preferable to commission 
on flow

First, the following ratios are defined:

If δ is fixed at the level given by δN and the fact that Hs > Hf is used (the demonstration 
is available upon request), then E [Wf  (T ) ] = E [Ws (T ) ], E [Wf (T )2] > E [Ws(T )2], and:

(44)

are obtained.

Since the right side of (44) is positive and increasing in b, ϒ (b, δ * ) > 0 as well as ∂bϒ
 (b, 

d * ) > 0 are obtained. Then, for d > 0, the function L (d ) is defined as:
N

N

(45)

From previous demonstrations it is known that if s 2 ≤    ln(2), then ∂d L
 (d ) < 0. Moreover,   

d * > d 
N will exist, such that L(d * ) = 0. For any b > 0, the following is obtained:

(46)

Note that K < 0  is independent of b. If two arbitrary values of the risk aversion coefficient,   
b1 > 0 and b2 > 0, are taken, such that b1 > b2 and d ∈ (d * , d * ), then it can be affirmed 
that ϒ (b1, d

 ) > ϒ (b2 , d
 ) with d inside the previously established interval, and also 

that d * (b1) y d * (b2). Note that both, d * (b1) and d * (b2), exist because ϒ (b, d * ) > 0, 
ϒ (b, d *  ) < 0, and ∂d ϒ (b, d ) < 0 for any b > 0.

* 
∞

AA A A N

∞

(43)
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